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�'@�� ���< �7 �J����$ ]��?� >	�����D=);���#D� �� �D@�'L�
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�� ��� �������
6V? ������
 )�!B.

��1�� >7 u�7�� /��tG� <� �����
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∞
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�7 .
�IM�T ���5�0 0( )f x V∈ND
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( )f x!0 0( )g x W∈���5� <� >� P�� ���#r�? �( )f x>7
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] [
/ 2

,

/ 2
,

2 (2 )

2 (2 )

j j
j k

j j
j k

x k

x k

ψ ψ

φ φ

− −

− −

= −

= −

>�( )xψ! "D?�� >D��� 67�D� "�( )xφ67�D� "D�
 ��#0� )(scaling function �� �D��B �� �D�< j���
 ! �
�7
�� m�M���).��^b(

]&[
( ) 0 (0) 0

( ) 1 (0) 1

x dx

x dx

ψ

φ

= ⇔ Ψ =

= ⇔ Φ =

∫
∫

!( )ωΨ!( )ωΦ>D���$ I��D9� ZD#��� >7( )xψ
!( )xφ��P�� ��< /��M >7 ;���#� ���5� /[��Q� ! ��
�7:

]([
( / 2)

1 ,

( ) 2 (2 )
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j j j
j k

k

j
k j j k

g x d x k

d f x

ψ

ψ

∞
− −

=−∞

−

= −

=

∑

]e[
( / 2 )

1 ,

( ) 2 (2 )

( ),

j j j
j k

k

j
k j j k

f x c x k

c f x

φ

φ

∞
− −

=−∞

−

= −

=

∑

[�7 /[��Q� �� >�j
kd!j

kc�D5� Z���i ! ��!., .

�� ��3�� 4�i�
�7 .�.��� �� �D� �� �� )�={ }jV�D�A �#.�D�B
�� I#	�� �� �	#	@���=� .�D	#	@� �D�A �#.��B "� >	��� )��7

�
�7 ���S�7 ��< j���
 P�� <[ �
�7 ���Q'�:

�^,j kψ!,j kφ<� ZDDD#��� >DDD7 �DDD��Q'� >DDD��� !� �DDD��7 
)�=�z$��<jW!jV��
�7.

 ^�V� )��7j k≠>:7��j kW W⊥�
�7 ���S�7.
&^!j kW V⊥

�7 ��< j7�!� >7 j���
 N�� >� )�ψ!φ�� ��'����
:

]g[, , ,,j k j m k mφ φ δ=

]\[, ,, 0j k j mφ ψ =

]d[, , , ,, .j k l m j l k mψ ψ δ δ=

>.��Q� >���$ I��9�g�� >*#'� �� ������ 6V? �D=� >D�
 �V� )��7 �B ���0�ω�7��7 �=�P��).b(

]b[2( 2 ) 1
m

mω π
∞

= −∞
Φ + =∑

�DDDDDDDDDD*�B <���>DDDDDDDDDD�0 1( )x V Vφ −∈ ⊂ !
0 1( )x W Vψ −∈ ⊂ ���� ��
�7 "D� /��DM >7 �� ���B ����

>��� <� �:3 Z#��� )�z$��< �z� )�=1V −P
��).b(

]�w[( ) 2 (2 )k
k

x h x kφ φ
∞

=−∞

= −∑

]��[( ) 2 (2 )k
k

x g x kψ φ
∞

=−∞
= −∑

O���� l����$ �<�T �� !:

]� [( ) ( ) ( )
2 2

( ) ( ) ( )
2 2

H

G

ω ωω

ω ωω

Φ = Φ

Ψ = Φ

)��)�=kh!kg�� /[��Q��w!���>7�Di {���
>��B )�=�'�#$ �Q#7�� )�(Quadrature Mirror Filters: QMF)

�D� |LD�� �D	#	@� ��A �#.��B "� )��7 �� )���� >D� �D���
��
�7 �� ��< s��3:

]�&[2 2( ) ( ) 1H Gω ω+ =

]�([( ) ( ) ( ) ( ) 0H H G Gω ω π ω ω π+ + + + =

( )H ω!( )G ω>���$ I��9�kh!kg�� ! ��
�7
 ��!� �72π�� 4!��'���
�7).b!��(>.�0� N�� �� �kh!kg>7
 /��M��
 X��Q� ��< u�
 >� ����(�� ���!B�7 ������.

]�e[
1

1( 1) ( ) ( )k i
k kg h G e Hωω ω π+ −

−= − ⇔ = +
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���N� -.�� ��
� +�
& J
%$�" U�"�H 
�7 }�$ >	��� ���� 8#9:� )�'�#$ "��7 "� <� ���@'�� �7

 �D� IDV� "D?�� I��D9� "� ���� �7 >� ��
 "D?�� ��D��
 ! PD�� ��D
 �DT��G �Dq� ���� ;���#� )��7 >G�7�� /�D#r�?
�� �P����� �� ���0� N��'�#7 )�'�#$ "��7 <� �?!�3 >.��Q� ����

 >.��Q� �� >� ;���#� /�#r�? )��7 �� ���5�("D� ! P�� ���B
 ;��D���� >D:7�� <� ���@'D�� �D7 PD�� ��3�� 4�iParseval’s 

identity P
�� ��< /��M >7 l����$ �<�T ��:

]�g[, ,( ), ( ), (2 )j j
k j k j kd f x Fψ ω ω= = Ψ

>�, (2 )j
j k ωΨ>���$ I��9�, ( )j k xψP�� .)-�D��

j
kd��#0� ��0j;�0'�� !0k�
�7 �� ��< /��M >7:

]�\[0 0

0 0 0

22

,( ), (2 )j j
k j kd F ω ω= Ψ

��� ;�V�� �7 >D.��Q� P��� U�G �7 �����
 D �
�� )!�J
�\ P
�� O#=��3:

]�d[0

0 0

2

,( ), (2 ) ( ), ( ) (j
j k j k j kF F Fω ω ω ω ω ωΨ ≤ Ψ Ψ

0 0

0 0 0 0, ,(2 ), (2 )j j
j k j kω ωΨ Ψ

�� ��#� )�7��7 P.�T �'S! [�7 )!�J���>� ���:

]�b[0

0 0,( ) (2 )j
j kF Kω ω= Ψ

N���7��70

0

2j
kd�D0� N��'D�#7 �'S! XD#G >D� ���� �� ��

�J����$ 
0 0, ( )j k xψ�J����$ X#G �7 89:�� ( )f x�
�7.)b(
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